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Surface Orbital Magnetism

Hervé Kunz'
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We compute the surface correction to the density of states of a particle in a
convex box subjected to a magnetic field. Applying these results to orbital
magnetism, we find that at high temperatures or weak magnetic fields the
surface magnetization is always paramagnetic, but oscillations appear at low
temperatures. In two dimensions they can give very large paramagnetic con-
tributions near integer values of the filling factor. Explicit formulas are given for
the zero-field susceptibility and for samples with a cylindrical shape in arbitrary
magnetic field.
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1. INTRODUCTION

There is presently a renewed interest in size effects on the physical proper-
ties of small metallic or semiconductor systems. In the ballistic regime, it is
a reasonable approximation to ignore the interaction of particles between
themselves or with impurities and to consider collisions with the walls as
the dominant effect. If the particles are subjected to a magnetic field, their
motion in the box leads to the formation of a magnetic moment, resulting
in the so-called orbital magnetism. In the bulk limit, the systems shows a
diamagnetic behavior at low magnetic fields, as was first discovered by
Landau in his classic work. An interesting question is to investigate the
possible change in this behavior when the size of the system is reduced. The
first correction expected is a surface one, which one can reasonably expect
to be able to compute analytically. At still smaller sizes, in the mesoscopic
range, we enter into a regime where the system is a quantum billiard and
the system could only be analyzed numerically, at least presently, and
properties characteristic of quantum “chaotic” systems should appear.
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In this article, we will be concerned with the problem of computing the
surface correction to the bulk behavior. Since the 1930 paper of Landau,
up to the present day, many authors have made an attempt at this tricky
problem. A brief summary of the history of the problem and many referen-
ces can be found in a 1975 paper of Angelescu ef al.!") and in a very recent
review by Ruitenbeeck and van Leeuwen.?’ The Roumanian authors were
the first to compute the surface susceptibility in zero field of a parallel-
epiped in a magnetic field perpendicular to some faces. The other problem
on which exact results are available is that of a thin plate parallel to the
field.**’ More recently, various approximate treatments have indicated a
paramagnetic contribution of the surface term in more general cases.*®

In this work, we first derive a general expression for the surface den-
sity of states of a convex body. Following Kac’s strategy in his famous
article”®’ on the same problem without a magnetic field, we analyze the par-
tition function: This allows us to compute the surface magnetization. In the
two-dimensional case, it can be expressed in terms of zeros of the Weber
cylinder function. In this case also we can find a relationship between both
the bulk and surface magnetization and the surface current of a semiinfinite
system. Such relations should hold even in the presence of interactions.
At a very low temperature, when the filling factor is near an integer, the
surface magnetization is paramagnetic and grows with the square root of
the logarithm of the temperature.

In the usual three-dimensional case we give an explicit expression for
the surface magnetization for samples with a cylindrical shape in a
magnetic field directed along the axis of the cylinder or perpendicular. The
zero-field surface susceptibility is computed for arbitrary convex samples. It
is paramagnetic. We show that at high temperatures (Maxwell-Boltzmann
statistics) the surface magnetization is paramagnetic for any value of the
magnetic field and any convex shape. However, at low temperatures, at
least for cylindrical shapes, the surface magnetization shows de Haas—
van Alphen-type oscillations.

2. DENSITY OF STATES

We want to consider the motion of a quantum particie of charge ¢ and
mass m in a box A, subjected to a constant magnetic field B in the z axis.
We choose as unit of energy €=heB/mc and of length /= (fic/eB)"?. In
these units the Hamiltonian is given by
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with Dirichlet boundary conditions on the surface d4,. The boxes A L are
all obtained from the box A by a dilating factor L, ie.,

X
AL={x ZEA} (2.2)
When we will discuss the two-dimensional problem, the term — 492 will be
absent from the Hamiltonian and the motion will be restricted to the x-y
plane. We are interested by the integrated density of states N, (1) of this
system

N,)= 3 (2.3)

nieg <A

where ¢, are the eigenvalues of the Hamiltonian. Our purpose is to com-
pute the asymptotic behavior of this quantity for large boxes 4, , i.e., when
L — oo. On physical grounds one expects a contribution proportional to
the volume |A,|=L?|A]| of the box and one of the order of the surface
|64, | of this box. We will show that, when d=2, 3,

N, (A)~ LY\ A n(A)+ L~ s, (4) (2.4)

It turns out, however, that whereas in two dimensions the surface contribu-
tion is indeed proportional to the perimeter of the box, i.e., 5,,(4)=[04] s(4),
in three dimensions s;,(4) depends on the specific shape and of the orienta-
tion of the box with respect to the magnetic field.

Instead of considering directly N ,,, we will analyze the behavior of its
Laplace transform or in more physical terms of the partition function

Zy=trexp—tH, =] exp(—t2)dN ,(3) (2.5)

We will then essentially follow Kac’s strategy when he analyzed the same
problem in the absence of a magnetic field. The partition function can be
expressed by means of the fundamental solution P, (x| y;t) of the heat
equation

0

EP,,L=—H,,LP,,L (2.6)

The partition function is given by

ZAL=Lde P (xIx;1) (2.7)

822/76/1-2-14
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From now on, we will assume that A is compact and convex. If x e 4, let
g(x) be the point of the boundary 04 closest to x (for Lebesgue almost all
x it is unique). If we denote by A(x) the half-space bounded by the plane
/(x) tangent at 04 in g(x), then 4 < A(x). We can then introduce the
fundamental solution of the heat equation

0
EPAL(x)= —H 0P aun (2.8)

where H,, ., is the same Hamiltonian as the one defined in Eq. (2.1),
except that now it is defined on the half-space 4,(x) and Dirichlet bound-
ary conditions are imposed on the plane /(x).

Consider now the fundamental solutions of the usual heat equations

alQA,_:%AALQAL 2.9)
a/Q/'L(-‘»’)= %AAL(.\‘)QAL(.\—) (210)

where 4, is the Laplacian with Dirichlet boundary conditions on d4. We
have the basic inequality, if x € 4,

lPA,_(X|x§ 1) - PA,_(x)(x|X; < QA,_(x)(x|x§ t)— QAL(x|x§ 1) (2.11)
This inequality follows easily from the following functional integral repre-
sentations of P, and Q0 ,,'®

Patx1x:0)= [ dud @) exp i || 0,(5) den(s) (212)

Qu(xlx )= [ dud, ) (2.13)

dug.. .. is the conditional Wiener measure for paths starting from x at time
0 and ending at x at time ¢, but remaining in A.

The inequality follows from the fact that the magnetic field contri-
bution in P, is of modulus one, and 4 < A(x) as a consequence of the
convexity of A.

From this inequality we can see that

Za(1)= [ dx P ay(x] % 0) 474,00 (2.14)

and

0<ra (<] dx [Qa(X1%: 1) = Quy(x1x: 1)) (2.15)



Surface Orbital Magnetism 187

But we have the scaling relationship

X

Q.lx|x; )= L0, (Z

X t
Z’P> (2.16)

and we can see that it follows from Kac’s result that
ra(1)=0(L"?) (2.17)

In this way we have reduced the computation of the partition function
(with an L“~? accuracy) to the problem of computing P, (x|x; t). This
amounts essentially to replacing the boundary locally by its tangent plane.
We will show that

P 4 o(x| x5 1) = pt(u; n’(x)) (2.18)

where u denotes the distance of x to the boundary 4, and n*(x) denotes
the z component (i.e., along the direction of the magnetic field) of the
inward normal n(x) at the point x of the boundary closest to x. One can
interpret p,(u; n(x)) as the density of particles constrained to move in the
half-space 4,(x) at distance u from the boundary. One expects on physical
grounds that lim, _  p,(4; n*(x))= p,(00), where p,(c0) is the density in
the infinite system. The approach of p(u; n*(x)) to its limit p,(c0) is rapid
enough so that

« F
f duu |2 p (u; i¥(x))| < (2.19)
0 6u
We can therefore write
d d—1 ® a 3
Z4 () =L914] pfo0) = L [z | dr — p (2 (1)) + 7.1, (0)
0 4 0z
dist(r, d4) < z/L (220)

so that we get

Z,()=L"|4] p,(0)— L4 f: dz LA do z % p(z; n(0)) + O(L4~?)
(221)

We have thus shown that if we can find the representations

p'(oo)=zf0°° e="n(1) i (2.22)
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and

j du [pfus (o))~ p o)) =1 [ e s(n(@))di  (223)

o
0

then

j e~"N (1) di
(0]

—L9|4] f e~ n(l)+ L4 f e Us, (A)dL+ O(L"2)  (224)
Q 4]
with

SBA(A)':J’

a

do s(A; n’(a)) (2.25)
A

From Eq. (2.24) it should follow that
N,,L(/l)~L"|A| n(A)+ L4 's,,(4) (2.26)

This result, however, is stronger than (2.24), and more information is
needed to derive it. We discuss this point in the Appendix. It can be proved
that quite generally

aL

Ltl

lim (Ay=n(l)
Lo

For the surface term, one can only prove that

1
Jlim g [N (1) = 141 Ln(4)] = s04(4)

when A is a parallelepiped. The convergence is the so-called weak con-
vergence of measures, appropriate for the thermodynamics.

To proceed further, we need to analyze the density p,(u) of a half-
infinite system.

In the two-dimensional case, if we choose the origin on the line
delimiting the allowed domain, the Hamiltonian becomes

B, = 152+1(1a )2 227
S SR (2.27)
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defined on the half-space u > 0, and with Dirichlet bounda_ry conditions at
u=0. We therefore have

+ o

dk
p,(u)=j_v 5 (ul exp —th (k) |u) (2.28)

where
h, (k)= =302+ Lk +u)? (2.29)
is now defined on the half-line u > 0. If we call A(k) the same operator as

the one in (2.29), but defined on the full line, then we claim that

+ dk
phoo)=[ = (ul exp —th(k) lw) (230)
p,(00) is easily computed:
_ ! ie t +l> (2.31)
p,(c>0)—2n"=0 Xp nts e

we have p (1)< p,(o0) and if we write

+x dk
o) = p.(0) = [ ;’—n(u|exp—rh+(k)—xexp—rh<k)x|u) (232)

with

1 if u=0
X(")_{o if u<0 (2.33)

we should have

[ du Lo ) =p(e0)]

1 + o

== | dk[trexp —th. (k)—tr yexp —th(k)x]  (2.34)

2nd_

if the trace of the operator on the right-hand side is finite and integrabile,
as can be checked, indeed. If we call £ (k) and E,(k) the spectral projec-
tors of 4 (k) and A(k), in the energy range ( — oo, A), then we can write

|7 dutpu—pieo) =5 [ dre [ dk L7 (k) xE(k) 1)
(2.35)
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We can therefore summarize the results in two dimensions by the following
equations. The bulk density of states n(1) is given by

) 250

and the surface density of states is given by

1 + @
(=5 | deulE; (k) - zEk)x] (237)

We will give later a more explicit expression for this quantity in terms of
zeros of cylinder functions. In three dimensions, we proceed in the same
way. Choosing the origin on the plane, with normal n, and calling b the
unit vector in the direction of the magnetic field and 6 the angle between
the magnetic field and the normal n, we choose the axes as follows (if
sin 8 #0):

b—cosfn nAb
[ = e, =
! sinf ’ 2

oy e;=n (2.38)

Since the density is gauge independent, we choose the useful gauge
A, =A4,=0, A, = —sin x5+ cos Ox,

The appropriate Hamiltonian is therefore

1., 1/1 , 2
=—-a2+=(-a, - —= 2.
H, 26u+2(i6,,+sm0u cost) 262 (2.39)

in the half-space u>0, with Dirichlet boundary conditions on the plane
u=0.
If we call x, =u, x,=w, x;=v, the density p,(u) is given by

p () = j_m ‘zi—ft (uv| exp — 1H , (k) |uv) (2.40)

H (k) is the same operator as the one in (2.39), but where (1/i)d,, is
replaced by £.

p{u) does not depend on v, because if VX (uv|u'v') designates the
kernel of exp —tH | (k), we have, for any b,

Vk++bc056(uv+b| u'v’+b)= V’:_(uv| u'v') (2.41)



Surface Orbital Magnetism 19

Hence when cos 8 #£0 we can rewrite (2.40) as

p,(u)=M[+°° dv (uv| exp —tH , (0) |uv) (2.42)
2n o

Introducing the operator H(0), which is the same as H, (0) but defined on
the whole space, we will have

g r+ee
oo (1) =158 'j dv (uv] exp — tH(0) juv) (2.43)
2n J_ 4
In fact,
( )——1 L i ex z< +1) (2.44)
pl [e¢] _(2T[I)l/z 27[":0 p n 2 .

From (2.42) and (2.43), we see that we can write

|cos 8]
¥/

tr[exp —tH , (0)— y exp — tH(0)x] (2.45)

f du [p.(u) — p(0)] =

There are two special cases where this expression simplifies. If cos 8 =0, we
are essentially in the two-dimensional case; then

[ du Loy =pi(e0)]

1 1

+ o0
=Wﬂj_w dk tr[exp —th, (k) — yexp —th(k)x]  (2.46)

as can be seen by using (2.40) and (2.34).
If cos §= + 1, the problem is that of a free particle in half-space and
a harmonic oscillator in the whole space. Therefore

o

«© —1 1/an\'?1 1
J;) du [Pz(u)—P,(OO)]=(2n—[)U2§<?> 5',§0exp—t(n+§> (2.47)

To summarize, ip the general case we have for the bulk density of states the

familiar Landau formula
1 1 [A-1/2] 1 1/2
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and for the surface density of states

sM(A)=j do s(, 8(a)) (2.49)
én
where

s, 0) =2 w7 (0) - xE0)1] (2.50)

E(8) and E;(0) are the spectral projectors in the energy range (— oo, 4)
of the Hamiltonian

H,=—14, 4 i(sin Bu—cos fv)> (2.51)
defined on v >0, with Dirichlet boundary conditions on u=0 and
H= —14+ i(sin 6u — cos Ov)? (2.52)

defined on the whole space R2

Apart from the special cases § =0, n/2, 7, we have not succeeded in
finding a more explicit expression for s(4, 8). There may be some hope to
solve this problem, however, because at the classical level the Hamiltonian
H , describing a harmonic oscillator with a wall is integrable, although not
separable.

The special cases § =0, n/2, = will allow us, however, to find expres-
sions for the density of states when the volume has a cylindrical shape and
the magnetic field is directed along the axis of the cylinder or perpendicular
to it. The general formula (2.50) can be used to compute the density of
states in small magnetic fields.

3. THE TWO-DIMENSIONAL CASE. MAGNETIZATION AND
SURFACE CURRENT

In order to analyze more thoroughly the two-dimensional case, we
need to look at the spectral properties of the Hamiltonian

ho(k)= —30%+ 3k +x)? (3.1)

defined on the half-line x > 0, with Dirichlet boundary condition at x =0. We
denote the ordered eigenvalues by ¢,(k), =0, 1, 2,.., and ¢,(k) <e¢, . (k).
To the eigenvalue ¢,(k) corresponds the unnormalized eigenfunction

Yo ilX) =Dy, _12(s/2 (x +K)) (3.2)
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where D,(x) is the usual Weber cylinder function. The equation for the
eigenvalue is

D, _1x(/2k)=0 (3.3)

The following properties of the eigenvalues can be established: ¢,(k) is
strictly increasing in k.
We have ¢,(—o0)=n+ 1/2 and more precisely

(\/5 k)2n+l

g (k)—¢g,(—0)~ 0l (27{)1/2

exp —k? (34)

when k - — co.
When k - + o0, &,(k) grows quadratically in k. Finally

£,(0)=2n+3 (3.5)

We can uniquely define the function k,(4) by the relation g,(k)=A. Now,
ﬁk,,()t):x,,().) is a zero of D, _,5(x). If A—1/2=N+0, where 6€(0, 1)
and N a positive integer, then D, _,, has N+ 1 finite zeros, ordered as
Xo>X,>--->x,. When A—-12-N* x,A)— —o, and when
4—1/2— (N+1)7, all the zeros tend to the N+ 1 finite zeros of Dy, ,,
which is proportional to a Hermite polynomial. With these preliminaries
we can analyze the density s(4). Equation (2.37) tells us that it is given by

, 1 p+= , ;o1
s(A)= I J_ ) dk [% (A —e,(k))— %: 0 (A 5~ n) c,,(k):l (3.6)
0 is the usual Heaviside function and
+ > 5
ek)=] " dyoity) (3.7)
©,(y) is the normalized eigenfunction of the usual harmonic oscillator
h= —102+3x? (3.8)

Since ¢,(k) =n+ 1/2, we can rewrite (3.6) as

[4-1/2]

1 + o0
== % [ dk [0k, (D))=, (k)] (39)
T -0 -*x
Using the fact that @?2(y) is even, we have

[ dk [0k, ()~ K)— e (k)1 = k() (3.10)

-
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Thus we get the desired expression

11U 1
s(l)=ﬁ£ ¥ xn(l—§> (3.11)

where x,(v) is the nth zero of D,(x), the zeros decreasing when the index
n increases.

It is clear that the index » is nothing else than the Landau level index.

When 4 —1/2 is not an integer, the zeros x,(A — 1/2) are increasing in
A, therefore s(4) is increasing. Since if we start from the value of A1 —1/2=N
and increase it until it reaches the value A —1/2= N+ 1, the zeros tend to
those of D, ((x), whose sum vanishes because of the parity of Dy, (x);
we conclude that s(1) <0. Thus we conclude that when A — 1/2 is between
the integers N and N+ 1, s(4) is a negative increasing function which
diverges to — o0 near N as

1 N+1/21Iné
S(A)~ —o- [f 5 \/5} (3.12)
o=1 ! 3.13
Ry Y (3-13)

This result follows from the asymptotic behavior of ¢,(k) as expressed
in (3.4).

When 4 approaches N + 3/2, s(4) vanishes.

The complicated asymptotic behavior revealed by (3.12) indicates that
the energy levels are packed in a very intricate way near the Landau levels
in a large but finite system. Let us discuss now the thermodynamic proper-
ties. We consider an assembly of fermions of -chémical potential p in a
convex box of volume V and area 4. The pressure of the finite system is
given by

BpV =2 j: In[1+ze~"] dN ,(x) =2t jow

where

1x

ze”

—N .
SR Nax) (314)

The factor 2 comes from the spin degeneracy, since we neglect the Zeeman
energy. ! =fheB/mc is the inverse temperature in magnetic units, and
z=ef* is the fugacity. For a large sample, we have shown that

wo=
BpV:Ft Y In[1+ze "+ 12]
n=0
24 ® ze=t*
+7(2m3)‘/2j0 T Sl dx (3.15)

where A= (2nA°f/m)'/? is the thermal wavelength.
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The magnetization measured in the Bohr unit ug = hé/2mc will there-
fore decompose into a bulk contribution

M, 4V &
ﬁ=?a, Y In[1+ze= "+ 1] (3.16)
n=0

and a surface contribution

o —1x
M, 3 5 0ney [ =

u 1 o ms(x)dx (317)
B Z

We will see that in the small magnetic field limit, r <1, the surface
magnetization is positive (paramagnetism), whereas the bulk magnetization
is of course negative (diamagnetism), as is well known. The same result
holds quite generally at high temperatures, where we can use Boltzmann
statistics, namely replace ze /(1 + ze ') by ze ™",

We will also prove an identity relating both the bulk magnetization
and the surface one to the surface current of a semiinfinite system. This
identity indicates that the bulk and surface magnetization tend to have
opposite signs.

It is interesting, however, to analyze the expression for the surface
magnetization in the zero-temperature limit. It can be expressed as

172 v
M, _44@0)7" iy Fj s(x)dx—vs(v)] (3.18)
Hs lg 2J

where v = p/e is essentially the ratio of the Fermi energy to the magnetic

one, and
2nhH\ 12
= (5)
um

is the Fermi wavelength. We can see that

fv)=13 f s(x) dx — vs(v)

is a decreasing function of v when v is between N+ 1/2 and N + 3/2, since
s(v) is negative and increasing in this range of v for any integer N.

On the other hand, each time v approaches N + 1/2 from above, f(v)
diverges like

N+1/2 <ln 1 )”2
2n v—N-—1/2
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according to (3.12), but when v approaches N + 3/2 from below, f(v) tends
to 3[§*+**s(x)dx, which is negative. Thus we see that the surface
magnetization will be positive (paramagnetic) when v~ N+ 1/2 and even
divergent like

172
Ms~4_A<N+1/2 1 ) (319)

ve Ir\ 2n o—N—12

and decrease to a negative value (diamagnetism) when v approaches
N+ 3/2 from below.
At very low temperatures, the singularity will be washed out and

M, 4A<N+1/2 )”2
—~—|——Int
s ¢ 2n

but one will see very strong oscillations opposite in sign to those of the
bulk magnetization. These oscillations, like the de Haas—van Alphen one,
are the remnants of the Landau level structure.

Let us finally look at the relation between the magnetization and
surface currents.

Consider the semiinfinite system x>0 and a particle subjected to a
magnetic field, whose dynamics is described by the Hamiltonian

ho= _tayel(ls Y 320
P T TR0 T\Ge T (3.20)

There will be a current j(x) flowing along the y axis, induced by the
magnetic field. This current will be given by

j(x)= —zj”' dk (k + x)(x| exp —th , (k) |x) (3.21)

— oG

where the Hamiltonian 4 (k) is given in Eq. (3.1). We have used the
Boltzmann distribution. In the more interesting case of Fermi statistics the
operator on the right-hand side of (3.21) should be replaced by

zexp —th (k)
1 +zexp —th, (k)

If we write

L,=exp —th, (k)—yexp —th(k)y (3.22)
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then we can see that

-z + 7
j(x)=gf_w dk (k + x) Ly(x] x) (3.23)
and we have
o z + o
j dx j(x)= ——j dk tr(x + k)L, (3.24)
0 2nd_
and
a z + o
j dx xj(x) = ——j dk tr x(x + k)L, (3.25)
0 2 —x

On the other hand,

Optr L= —ttr(k+x) L —ttrlk+x)xVix—0,tr xViex  (3.26)

where
V,.=exp —th(k) (3.27)
but
+ o
j dk 3, tr L, =0 (3.28)
and
+ x + o +x
f dk O tr xVix= Y. e""’““’[ dy @2(y)
Y n=0 k — o
- _ 2 e+ 1/2) (329)

n=0

+ oz

oz + oo + o
—an n=0 — k

=) (n+3etr+i2 (3.30)

n=0

Thus we see that integrating Eq. (3.26) and using Egs. (3.28)-(3.30) and
the definition (3.23), we get

=<} x 1 1
’JO j(x)dx=§"§=:o|:—l+t(n+§>]exp —t(n+§> (3.31)
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or
w z ad 1
tjo J(x)dx= —5 a,zgo exp —! <n+5> (3.32)

It can be seen from Eq. (3.16) that the right-hand side of this equality is
(—A%4V)My/up, where M, is the bulk magnetization with Boltzmann
statistics (first order in z).

The case of Fermi statistics can be treated by expanding the Fermi
operator in z when |z| < |,

zexp —th

—_—— —z) —tjh
l+zexp —th L (=2 exp =y

j=1

using the identity (3.32) for each term in the sum, we get
M, _ ——zj j(x)d (3.33)

The result remains valid when z > 1 by analytic continuation. Such a result
was first obtained by Macris et al.” by a different technique and
generalized to some interacting situations. Let us write

gy=1] e"s(x) (3:34)
0
We have
+ o0 dk
q(t)=J_oo L, (3.35)
We rewrite this as
Jian=["" % U ()~ U D1] (3.36)
where
U7 (s)=exp —% [—02+ (k +x1)?] (3.37)

the operator in the exponential being defined on the half-line x > 0. U,(s)
is the same operator, but defined on the whole line.
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From this equation it follows that

+o dk
0,/1qu)=]" " T {—trx(x+UF (1) = xUu1)x] +alk)} (338)
where

alk)= L: dstr x (Ul —5), x(k+x)] U(s)x

It is easily seen that a(k) is integrable and odd in k. Thus we have the iden-

tity
o, Jian=—i[ &

—trx(x+ k)L, (3.39)
—w 2T

and therefore, from (3.29) and (3.17) it follows that

M, 44Q2n1)'? Jw

p 1 xj(x) dx (3.40)
B

0

for the Boltzmann distribution. The case of Fermi statistics can be. handled
similarly and the identity (3.40) still holds. Equations (3.33) and (3.40)
giving the bulk magnetization as My~ —[§ j(x)dx and the surface
magnetization as Ms~j'3° xj(x) dx should remain valid even in the inter-
acting case, at least when the system does not show a phase transition. It
would be particularly interesting to see if they keep their validity in the
quantum Hall regime, when the filling factor is a fraction associated with
plateau in the Hall conductivity. If not, they could characterize the nature
of these incompressible states. We can also remark that these identities
explain qualitatively that the surface magnetization tends to be opposite to
the bulk magnetization, favoring paramagnetism at low fields. We have
been unable to generalize the identity for the surface magnetization to the
three-dimensional case. There is a term proportional to sin 0[{,” xj(x) dx,
but to which is added another one, whose physical interpretation remains
elusive,

4. SAMPLES WITH A CYLINDRICAL SHAPE

For a large sample of volume V" and area A, the pressure of a three-
dimensional system is given by

—1{x

Bov =22 (2my N n(x) dx
A )

1+ze "

—Ix

24 *°  ze _
+ 53 2 L T Soalx) dx (4.1)
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where
1 [x—1/2] ] 172
n(x)=\/§n2 'EO (X—"—5> (4.2)
and
Seal) =13 LA do s(x, 6(a)) (4.3)

The bulk pressure is of course the familiar Landau expression.
The surface magnetization is given by

M, _d4m, Zj e 5.,(x)dx (4.4)
0

Up A l4ze ™

Since we can compute explicitly s(x, 8) only for special values of 8, we
need to turn to special types of shapes in order to get an explicit expression
for the magnetization for arbitrary magnetic fields.

Let us assume therefore from now on that the sample has the shape
of a cylinder with an arbitrary convex base. The magnetic field will be
assumed to be either parallel or perpendicular to the axis of the cylinder.

The surface of the sample parallel to the magnetic field, of area A,
will give a contribution to the magnetization given by

1} 1l - N
M{ 44".27 0 f ze

Up A?

5 (x) dx (4.5)

+ze ¥

and the part perpendicular to the magnetic field, of area A+, will give
another contribution,

M} 44*.2n {2-[“ ze ™
Hp A2 "

m Sl(,\‘) dx (46)

and the surface magnetization will be
M=M!+M} (4.7)
According to Eq. (2.47), s, (x) will be such that

o 1 = 1
tJO s (x)exp —tx= ~ % Y exp —t(n+§> (4.8)

n=

which gives

i 1
s.(x)= —g[x-k—:l (49)
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Therefore
M;L AL o
= —76,t 2 In[1 4 ze= """+ /2] (4.10)
/1]; n=>0
This expression shows that
M= —-iM,(2d) (4.11)

where M(2d) is the bulk magnetization of a two-dimensional system of

volume 4. The presence of the minus sign shows that at weak field or high

temperatures this contribution is paramagnetic. It also indicates that at low

temperatures M ;- will show anti-de Haas—van Alphen-type oscillations.
Equation (2.46) gives for s;(x)

* —1Ix — ! * —1ix
tfo dx e s“(x)—WL dx e ™ "¥s(x)

and therefore

1 = 1
)= J, @ EEmr ity (4.12)

We see that 5,,(x) is negative. Thus both surface contributions give a
negative surface pressure. Equation (4.12) shows that, contrary to the two-
dimensional case, the density of states s, (x) does not diverge at a Landau
level, but rather vanishes like [¢1n(1/¢)]'?, where e=x— N —1/2,

The precise dependence of M| in the magnetic field is not very easy
to analyze from Eqs. (4.6) and (4.12), even at zero temperature. It should,
however, be possible to compute numerically this function from the expres-
sion we derived for s(x}. We would expect oscillations, as in the case M j

Finally, we would like to remark that often the magnetization is
needed for a system in which the density and not the chemical potential is
fixed. One should in this case study surface corrections in the canonical
ensemble. But one expects equivalence of ensembles to hold with an L*?
accuracy in three dimensions. Since in this case the surface term is of order
L? it is possible to express the magnetization in the canonical ensemble M B
as

_ on
M,=M,(p, B’*(aa),":(”* 8) (413)

where M (p, B) is the grand-canonical magnetization that we computed, in
which the chemical potential u has been expressed in terms of the density

822/76/1-2-15
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p by using the bulk relationship between them. p (p, B) is the surface
contribution to the density in the grand-canonical ensemble, but with u

expressed in terms of p.

5. WEAK MAGNETIC FIELDS

In the general case, it is possible to compute the zero-field suscep-

tibility, defined as

5

lme
_B o B

From Eq. (4.4) we see that this quantity is given by

22 z A
= 0
R S GEIREY da a(6(c))
where
o1
alf)=lm - 3,1y4(1)
=0t
with

velt) =1 J.w e "s(x, 0) dx

0

From Eq. (2.50), we have
I l

yo(t) = tr[exp —tH, — yexp —tHy]

It appears useful to express this quantity as a path integral!”’

2

_ leos 0|I dx J dija F(a)exp _%Ll (X + R(s))* ds

~ (@n)

In this expression

X =sin 6x + cos Oy
R(s)=sin fa (5) + cos O (5)
and

-1 if x+a.(s)<0 for some s
0 otherwise

Fu(o)= {

(5.1)

(5.2)

(53)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)
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expressing the fact that the paths are constrained to the half-space x> 0.
The «.(s) and «,(s) are 1ndependent Brownian bridges, i.e., Gaussian
processes with covariance

afs)a(s')=s(1—3s") 0<s<s'<) (5.9)

and zero mean.

The introduction of these processes is a useful way to extract the
spatial dependence of the paths in the Wiener integral.

If we integrate over the y coordinate, we get

1 32 .o 2 .1 .
fye(t)=(£> jo dxjpa F(a)exp —%L (R(s)—R)*ds (5.10)

where

=j]dsR(s) (5.11)
0

We can deduce an interesting consequence of this representation, namely
0,1y5(1) 20 (5.12)

The meaning of this inequality is the following. If we were using the
Boltzmann distribution instead of the Fermi one, the surface magnetization
would be given by

M do

, 44
E=?2nza,tL Yool ) i3 (5.13)

We can therefore conclude that in the case of the Boltzmann distribution
(i.e., at high temperatures in the Fermi case), the surface magnetization is
paramagnetic for all fields, ie., M, =0.

We can also use the path integral to simplify the computation at weak
fields. Indeed, from (5.10) it follows that

a(9)=—f Joaf(a)j (R(s)— R d (5.14)

(2 )3’2

an expression which shows immediately that the weak-field magnetization
will be also paramagnetic.
But in fact, (5.14) shows that

a(8) = a(0) cos® 9+a<2) sin? 6 (5.15)
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because the mixed term | Da (ae(s) —a N, (s)—&,)=0 in Eq. (5.14). We
are left to compute only a(0) and a(n/2). We have seen in Eq. (2.47) that

1 & 1
yolt) = ~ % Y exp —r<n+§) (5.16)
0

"n=

This gives easily

a(0) = (5.17)

L
8n 12
From Eqs. (2.46) and (3.34) it follows that

1
)’n/z(’)=(2n—1)1561(1) (5.18)
and therefore
a<5 - imls J14q(t) (5.19)
7)) R e Ve '

The computation of this quantity is a bit more tricky. We will use the rela-
tionship between surface magnetization and the surface current established
in Section 3. After some rescaling of the variables, Eq. (3.39) can be written
as

%6,ﬂq(1)= —jj%m(w%) L) (5.20)
where
Li(s)=V{(s)—xVils)x (5.21)
with
Vi(s)=exp ‘% [—02+ (k+x1)?] (5.22)

the operator being defined on the half-line with Dirichlet boundary condi-
tions. V,(s) is the same operator, but defined on the whole line. If in the
second term of the expression appearing on the right-hand side of
Eq. (5.20) we make an integration by parts on the k variable, we can put
Eq. (5.20) in the more useful form

1 +oodk
70,\/;q(t)=—J_ Sdstrx[x VE(1-91V(s)  (523)
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the term corresponding to V, disappearing because it gives a contribution
odd in k.

In this form, it is possible to take the limit 1 — 0. In the limit the kernel
of V;}(s) becomes e ~%2U (x| y), with

l _ 2 2
Uyx| }’)=W [CXP —%)-—exp _(_x_%)_]

Inserting this expression into (5.23), we get after a lengthy computation

(5.24)

3
lim — a Nl = ),/227 (5.25)
and therefore
n 13
“(5)?7 (5:26)

Grouping all these resuits, we get finally

Ae z 1 1
Xs=

— — . 2 '
mE 12 | 310A] Jay ) b)] (5:27)

where we have denoted by b the unit vector directed along the magnetic
field, and we recall that n{c) is the normal at the boundary point ¢. In the
case of a cylindrical shape, this formula becomes

e? z cos? 6, cos? 4,
= z+ln2,[2A< ; >+A2<3— ; )] (5.28)

where 4, and A, are the areas respectively of the base and of the lateral
face of the cylinder, and 0, and 6, designate the angles made by the
magnetic field with the respective normals to these faces. This formula
reproduces the result of Angelescu er al.!’’ in the case of a parallelepiped.
In the case of a sphere, Eq. (5.27) gives

4z 13
mcz+197.2°8

Xs= (5.29)

We note that the zero-field limit is a subtle one and quite probably the
development in a magnetic field is only asymptotic.

6. CONCLUSION

We can briefly summarize the new results we have obtained. First, the
computation of the surface density of states for convex bodies is reduced to
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the solution of the Schrodinger equation for a particle confined to a tilted
half-plane and subjected to a harmonic potential in the x direction. An
explicit solution of this last problem in special cases allows us to determine
completely the surface density of states in two dimensions and for cylindri-
cal shapes in three dimensions for arbitrary magnetic fields. In the most
general case, the best we could do was to compute the zero-field magnetic
susceptibility.

A more explicit solution of the Schrédinger equation alluded to would
allow a complete determination of the surface density of states for arbitrary
magnetic fields in the three-dimensionai case. This is the most important
remaining problem to be solved in our opinion.

APPENDIX

We briefly discuss the problem of the asymptotic behavior of the
density of states.

If we consider a box made up of the disjoint union of two boxes 4,
and 4,, then for Dirichlet boundary conditions the density of states N ,(x)
satisfies the inequality

N fua(X)Z N4 (x)+ N 4(x) (A.1)
On the other hand, Colin de Verdiére® has proven that for a cube
N 4(x) < | 4] n(x) (A.2)

where n(x) is the bulk density of states (2.48). This inequality can be
extended to parallelepipeds. From these two sets of inequalities it can be
proven by standard techniques that

m MaX)_

1
4R |A|

for a large class of boxes.

The problem of the surface correction is, however, much more subtle.
It is known in the case of the Laplacian, i.e., for the problem without a
magnetic field, that convergence of the difference

N 4(x) — 4] n(x)

Sa(x)= 1]

cannot hold pointwise, generally. Some assumptions must be made about
the density of periodic orbits of the corresponding classical system.®’ But
in statistical mechanics a much weaker kind of convergence is needed at
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positive temperatures, the so-called weak convergence of measures. It
guarantees, for example, that the pressure
o e7h N ()

p—zL R e T (A3)
will have the asymptotic behavior that we derived. Indeed Theorem 2a,
XIII 1, of Feller!'® guarantees that this will hold provided s ,(x) is negative
or positive, so that the convergence of its Laplace transform (which we
proved) will imply convergence of the measure s,(x)dx. In our case the
Colin de Verdiére inequality (A.2) guarantees that s,(x) is negative for
parallelepipeds. We would expect such a result for large enough convex
boxes, but have not proved it.

The pointwise type of convergence would be needed if we were to
consider the problem at zero temperature and then look at the asymptotic
behavior for large samples. Fortunately, from the physical point of view, in
most situations one needs to consider the other order of limits, first large
samples and then low temperatures.
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